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We p r o p o s e  a m a t h e m a t i c a l  model  for  the flow of an i r r e g u l a r  v i scous  fluid between two r e -  
volving cy l inders  in a b ipo la r  coordinate  sys tem.  We p r e s e n t  an analyt ic  solution of the s y s -  
t e m  of equations obtained, and we also obtain fo rmulas  for  de te rmin ing  ve loc i ty  fields,  t e m -  
p e r a t u r e  fields,  and energy  c h a r a c t e r i s t i c s .  

A cons iderab le  number  of  nat ive and fore ign w o r k s  [1-6] a r e  devoted to the theo re t i ca l  and exper imen ta l  
study of the flow of an i r r e g u l a r  v iscous  fluid between two revolving cyl inders ,  appl icable  to the  p r o c e s s e s  of  
rol l ing p o l y m e r s  and p las t i c s .  In mos t  c a se s  the flow p a r a m e t e r s  a re  ca lcula ted  in an i s o t h e r m i c  app rox ima-  
t ion [1, 6]. Exis t ing calculat ion methods ,  which take heat  p r o c e s s e s  in the flow into account, study only a 
smal l  p a r t  of the deformat ion  reg ion  (sec t ion  A, Fig. 1), in which the flow is  a s s u m e d  to be one-d imens iona l .  
It i s  of g rea t  p r a c t i c a l  i n t e re s t  to analyze the p r o c e s s  under  the condition when the magni tudes  of  the outlet  
coordinate  a re  l a rge  ( Fig. 1). In th is  case  We mus t  de t e rmine  all the veloci ty  components .  An analyt ic  solu-  
t ion of th is  p r o b l e m  is  given in the p resen t  study. 

The s teady flow of a v iscous  i n c o m p r e s s i b l e  fluid between two revolv ing  cy l inders  can be  desc r ibed  by 
a s y s t e m  of equations that  contains an equation of continuity, an equation of the conserva t ion  of momen tum,  
and an energy  equation [2] : 

V~vZ = O, (1) 

pvivjv~ = g~iviP 't- V/C a, (2) 

~AT'-- pc~v~v~T § riie~j = O. (3) 

We a s s u m e  that  the p r o p e r t i e s  of  the m a t e r i a l  i t se l f  a r e  desc r ibed  by the rheologica l  equation of Ostwald de 
W a d e :  

n--_ll 

= ~ (T) -~  J2 2 eei. (4) Tii 

The components  of  the m e t r i c  t e n s o r  a re  

g=~ = g~= = 0, 
a 2 

g ~  = g ~  = = h 2, 
(ch = -- cos ~)~ 

i.e., the coordinate system is orthogonal. 

We can write system (1)-(4) in a bipolar coordinate system, since the distances between the poles of the 
roller surface coincide with the coordinates + ~ 0, which considerably simplifies the boundary conditions. In 
addition, the coordinate grid of the bipolar coordinate system is close to the flow line, so, in expanding the 
physical components of the velocity u and v in powers of the small parameter e(which will be further de- 
termined), we can assume that one component is ~ times less than the other: 

o (,~u) ' o ( h v ) = o ,  (5) 
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Fig. 1. Scheme of the deformation region.  
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a~ ' a ~  + ( ~ - ~ )  "a~'  

027) OG ( aT 07) a~ 2 - - - - ~  u a~--Vas +.die,~=o, 

(6) 

(7) 

4 = 2 + h--r'Sgj + . (s) 

The projec t ion  of Eq. (2) onto the • axis and the component of t ensor  e~  are  obtained by the interchange 
of indices ~ and fl and the simultaneous replacement  of the veloci ty component u by v and vice versa .  The 
v iscos i ty  of  mos t  commerc ia l  the rmoplas t i c s  allows us to d i s rega rd  the iner t ia l  t e r m s  in the equation of 
motion [4]. A cha rac te r i s t i c  of the problem given is that the distance between the surfaces  of the cyl inders  
is much l e ss  than the length of the deformation region. Thus, because  of the small parameter*  we can as-  
sume that a = O~o/fi'. We introduce the new var iables  ~ = fi/ f l ' ;  ~ = ~ /~0  and expand both velocity components 
in the small  p a r a m e t e r  e ,  

u = V(u0 (~, ~l) + eul(~, q ) = . . . ) ,  (9) 

v = V(evl(~, ~l) + ...). (10) 

After  substituting (9) and (10) into the sys tem of equations (5)-(7) and d is regard ing  t e r m s  of o rde r  e2, 
we obtain the sys tem of equations 

O (uh)+ O (vh) O, (11) 

o p=  o i l o  ( . ) , % g . [ O  ( " ) ] /  op__.o, 

h 2)~ r i ~ - -  (uT~ = vT'~) 4-. ~ -~ = 0. (13t 

We note that sys tem (11)-(13) t r a n s f o r m s  to a sys tem of equations in a Cartesian coordinate system,  
with the simplif ications of boundary - l aye r  theory  taken into account [2] if  we set h = 1. The boundary condi- 
tions for the equal veloci ty  of the cyl inders  of single radius a re  wri t ten as follows: 

T 1 s = % ,  
1) P----O, T =  T O sC(--o%, So) for 1]=]3., 

T 2 s : - -  So; 

2) to find outlet coordinate fl we assume that at the outlet of the deformation region the p r e s s u r e  be -  
comes  zero  - P  = 0 for fl = fl_, OP/~fl = O; 

3) u = V  for s = •  

= v = O  for s = O .  

* F o r  the case  of ro l l e r s  used in industry,  ~0 -~ 0.1 - 0.05, fl ' ~ 2.5 and thus, ~ = 0.04 - 0.02. 
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The  solution of  sys tem (11)-(13) along with boundary conditions 1)-4) can be obtained by numer ica l  
methods. But the analytic solution of the p rob lem is of great  in te res t ,  s ince it would allow us to es t imate  the 
effect of the p a r a m e t e r s  on the veloci ty  d i s t r ibu t ion  and on the t e m p e r a t u r e  fields in the deformat ion region. 

The dependence of the v iscos i ty  of the ma t e r i a l  on the t e m p e r a t u r e  is  descr ibed  by Eq. {14). For  
the rmoplas t i c s  the coefficient  b is  de te rmined  exper imenta l ly  and has the o r d e r  0.1-0.03 [1], and so we 
l imit  ou r se lves  to the l inear  t e r m  in the expansion of the exponent 

~t (7") = ~oexp{--b(T--To)} ~-- ~o(1 --60), (14) 

where  0 is  the re la t ive  t empera tu re :  0 =(T - T0)/T 0. We expand both veloci ty components,  the p r e s s u r e  
gradient ,  and the re la t ive  t e m p e r a t u r e  in powers  of the small  p a r a m e t e r  5, 

U((1, ~ ) = U O ( O t  , ~)@'{~iUl(ot , 8 ) @ - ' '  ( 1 5 )  

v (ot, [3) = v o (ot, [3) '-- 6v 1 (cz, ~) -)- . . . .  (16) 

O p = O  0 
Po =- o13-- - -  . . . .  ( iv)  

(is) (~, ~) = 0o (ot, fi) + ~0~ (ot, ~) = 

After  substituting (15)-(18) into t he in i t i a l  sys tem of equations (11)-(13) and setting equal the coeff icients  
having ident ical  powers  of 6, we obtain the following sys tem of equations for  6 in the zeroth  power:  

- -  j af3 (ha~ -*- (hvo) = O: (19) 

h~ (.000~ + Vo0;~) + ~o ! ~ -  I = 0. (21) 

A sys tem s imi la r  to (19)-(21) is  also obtained for  6 in the f i rs t  power.  In sys tem (19)-(21) the equation of 
motion i s  independent of the energy equation, i .e . ,  in the f i r s t  approximation the p rob lem is i sothermio.  
Thus,  by solving Eqs. (19) and (20) toge ther  we de te rmine  u0 and v0, and we find 00 f rom Eq. (21). Then 00 
is  substi tuted into the equation of motion for  5 in the f i rs t  power,  and ut  and vl a re  determined.  The p ro -  
eedure  is  repea ted  until the  given accuracy  is  reached.  

We in tegra te  Eq. (19) over  c~, and taking boundary condition (4) into account, we obtain 

Q = ; (hu,) dot = const = Vh*%, (22) 
O 

r o 

h* = .f 
0 

a dot- -  2a arctg ith ~_~ ctg ( ~ _ )  ]" (23) 
ch a - -  cos 13 % sin (/3_) 

To de te rmine  OPo/Sfl, we in tegra te  Eq. (20) twice ove r  c~, and, by solving it  toge ther  with (22), we obtain 

V%h*. = 

(z o cr o (z o 

V h d a - -  h 2 ot"~+'i I 0 " I 0 
', Iao O~ Po dczdot. (24) 

Equation (24) can be  considerably simplif ied i f  we expand h i n p o w e r s  o fcosh  c~ - 1/1 - cos/3 and take as the 
f i rs t  t e r m  of the expansion 

h =: a 1 chot-- 1 
1 - - c o s / 3  l--cos[3 ~ " ~ ;  

thus, 

= am Po dotda. (25) 
h2 ~0 88 

0 

After  we in tegra te  (25) by pa r t s ,  since the sign of  0P0/Sfl agrees  with the sign (h* - h), we obtain the p r e s -  
sure  distr ibution in the deformat ion region,  
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*'o (P) - 

13 
lao V (m -{- 2) .(" ,t h - -  h* ~sign (h h*) d~; 

~+ '  J I h ~ f,+ 

thus,  both ve loc i ty  components  a re  

u o = V (1 -- 
\ 

(h - -  h*) (m --}- 2) (a,~+l _ a~+ 1) 

h (m + 1) a~ '+l ) 

(26) 

(27) 

(m + l)a~+1 h (28) 

We study the solution of energy equation (21). We can isolate two zones [3] for the flow in the canals of 
viscous materials with low thermal conductivity. In the first zone we exclude the region directly adjoining 
the r o l l e r ,  and so the energy  ba lance  i s  main ta ined  in the  bas i c  convect ive heat  t r a n s f e r  along the flow and 
the d iss ipat ion,  s ince the es t ima t ion  of the  P~clet  number  shows that  i t  has  the o r d e r  10 ~ - 10 a in th is  zone 
[4]. In the second zone, d i rec t ly  adjoining the  ro l l e r ,  the  t e m p e r a t u r e  grad ien ts  a re  cons iderab le  and the  
t h e r m a l  conductivity p lays  a significant  role .  Thus,  we seek  the solution of Eq. (21) as a sum of the solutions 
of equations that  de s c r i be  the  p r o c e s s e s  in the f i r s t  and second zones. 

We find the solution of the  equation for  the  f i r s t  zone: 

pc~T~ ~o 00~ ~to 0 ( u o ) ~ + '  
h - - ~  = -~- ~-- �9 (29) 

We integrate over fl, and we find the temperature distribution in the deformation region where for s = s0, 
0~ = 0~( n0, fi). In o r d e r  that  boundary  condition (1) be  sa t i s f ied  ( for  example ,  for  the  case  T 1 = T O = T 2 ), the  
solution of the  equation for  the second zone for  s = s 0 mus t  have the  f o r m  00II = -0~. Thus,  the genera l  solu-  
t ion i s  00 = 0~ + 00II. N e a r  the r o l l e r  su r f ace  u0 - V, so we  find v0 f rom the equation of continuity, 

~ a  

�9 I I (~.h)~ d~ = V h~, (~0- -  ~). r e -  h . - -  

We d e t e r m i n e  the m e a n  ve loc i ty  u as follows: 

uhcz o= V%h* or u=Vh*/h 

and in t roduce  the new v a r i a b l e s  ( ~, ~?) : 
I 

~1= (~ (% - -  ~), ~ ---- Vpc~h* -- -Pe (30) 

F o r  p o l y m e r  m a t e r i a l s  the d imens ion les s  value of a i s  of  the o r d e r  of 10 -2. Thus,  the homogen.eous pa r t  of  Eq. 
(21), which d e s c r i b e s  the  t e m p e r a t u r e  dist]:ibution in the second zone, t akes  the fo rm 

o~o~ ~ h~ OOo" 002 (31) 
&l 2 h* ~" a~ a ~  --  0. 

We rep l ace  the v a r i a b l e s  once m o r e  in o r d e r  to r e l e a s e  the t e r m  [O'0II]~: 

p = ~] exp {-- h/h*}, q = exp - -  -~-  dg. (32) 

~+ 

Thus ,  Eq. (31) t akes  the f o r m  

03 0~' 0 0~o~ (33) 
OP ~ - -  - ~ q  = O, 

and the boundary conditions take the form 

0 II =--0~ for p-~O, i.e., ck=-4-(z o, 

0~'=0 for q = 0 .  

To solve Eq. (33), we  use  the opera t ional  method of [8].  By t r a n s f o r m a t i o n s  we obtain an o rd ina ry  different ia l  
equation with r e s p e c t  to p, 

s00"= d~ @,; g~'Is, P}Jp=o = L ( - - 0 0  ~(p, q)). 
dp ~ 
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Fig. 2. Dis t r ibu t ion  of  a spec i f i c  p r e s s u r e  in the  d e f o r m a t i o n  
r e g i o n  f o r  d i f fe ren t  v a l u e s  o f  fl§ V = 10.48 c m / s e c ;  2h0 = 0.1 
cm;  R = 8 era; n = 0.2;  # = 1.67 kg .  secn/cm2;  dashed  cu rve ,  
e x p e r i m e n t ;  so l id  cu rve ,  ca lcula t ion,  p,  kg~/cm2;  x, cm. 

Fig. 3. T e m p e r a t u r e  f ie ld  in the  c r o s s  sec t ion  of  a m i n i m u m  
gap.  V = 15.6 c m / s e c ;  2h 0 = 0.1 cm;  R =8 cm. Fo r  c u r v e  1: 
n = 0.2;  tz 0 = 1.67 kg-  seen/cm2;  k = 0.136 k c ~ l / m ' . h . ~  f o r  
c u r v e  2:  n = 0.224; #0 = 1.63 kg .  s ecn / cm2 ;  X = 0.205 k c a l / m .  
h-  ~ P o i n t s  c o r r e s p o n d  to the  exper imen t .  T ,  ~ 

T h e  g e n e r a l  so lu t ion  of  th i s  equat ion  is  

00 _ c 1 exp (--  Vsp)  @ c 2 exp (](sp) ; 

c2 = 0, s ince  in  the  oppos i te  c a s e  the  solut ion i n c r e a s e s  as  p --~ ~o. Consequent ly ,  

0~' (p, q) = L -1 (0~' (s, O) exp (--  V/p)).  

We  find the  o r ig ina l  a c c o r d i n g  to  the  t ab les ,  and, us ing  a Duhamel  i n t eg ra l ,  we  w r i t e  the solut ion 

q 

O~ ~ (p, q)= Oo (q-- z) Zrf 2- - -~)  (34) 

In Figs.  2 and 3 we r e p r e s e n t  the  d i s t r ibu t ion  o f  the  spec i f i c  p r e s s u r e  and t e m p e r a t u r e  in the d e f o r m a t i o n  
r eg ion  in  a 160 • 3 2 0 - m m l a b o r a t o r y  c a l e n d e r  f o r  two types  of  p o l y m e r  m a t e r i a l s .  In ca lcu la t ing  the t e m p e r -  
a tu re  f ield and the  p r e s s u r e  d i s t r ibu t ion  in the  d e f o r m a t i o n  r eg ion  as applied to  the p r o c e s s i n g  of  p o l y m e r s  
on ca l ende r s ,  we  can c o n s i d e r  the  following. It is  known that  when  t h e r e  i s  a l a r g e  r e s e r v e  of  m a t e r i a l  in  the  
d e f o r m a t i o n  r e g i o n  of  the  r o l l e r s  a s o - c a l l e d  " s t agna t ion  zone r ( " ro t a t i ng  r e s e r v e  r)  i s  f o r m e d ,  in which  the  
r e p r o c e s s e d  m a t e r i a l  i s  in  c i r c u l a t o r y  mot ion  until it i s  d r awn  into the  r eg ion  w h e r e  it  m o v e s  in the  d i r e c -  
t ion  o f  the  r o l l e r  ro ta t ion.  In so lv ing  the  given p r o b l e m ,  we  do not intend to d e s c r i b e  the  t r a j e c t o r i e s  o f  the  
m o t i o n  o f  the  m a t e r i a l  in  the " ro t a t i ng  r e s e r v e . "  

The  flow p r o c e s s  in the zone w h e r e  v x _  Vy {regions  A and B in Fig. 1) has  a g r e a t  effect  on the  t e m -  
p e r a t u r e  d i s t r i bu t ion  in the  d e f o r m a t i o n  region ,  the  spec i f i c  p r e s s u r e s ,  and the t h r u s t  fo rces .  The  c a l c u l a -  
t ion  me thod  p r e s e n t e d  above al lows us to d e t e r m i n e  the  flow c h a r a c t e r i s t i c s  in  th is  zone. It i s  c l e a r  that  
bounda ry  condi t ion  1) i s  a p p r o x i m a t e  for  nega t ive  ve loc i t i e s .  However ,  we  see  f r o m  Fig. 2 tha t  the p r e s s u r e  
d i s t r ibu t ion  s a t i s f a c t o r i l y  a g r e e s  wi th  the  e x p e r i m e n t a l  da ta  both  fo r  sma l l  ( cu rve  2), as  wel l  as  fo r  l a r g e  
( cu rve  1), r e s e r v e s  of  the m a t e r i a l .  

Thus ,  the  sugges t ed  m a t h e m a t i c a l  mode l  s a t i s f a c t o r i l y  d e s c r i b e s  the  flow of  a p seudop la s t i c  m a t e r i a l  
be tween  two ro ta t ing  cy l inde r s .  T h e  ca l cu la t ions  show that  fo r  comput ing  the p r e s s u r e  d is t r ibut ion ,  t h r u s t  
f o r c e s ,  and t e m p e r a t u r e  f ie lds  in the  de fo rm a t ion  region ,  suff ic ient  a c c u r a c y  fo r  eng inee r ing  p r a c t i c e  i s  
g u a r a n t e e d  by  the  s y s t e m  of  equa t ions  (19)-(21) f o r  5 in  the  z e r o t h  power .  
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coordinate of rol ler  surface; fi ',change of fl coordinate from material  entrance into deformation region and 
to its outlet; fi§ 2 arctan (x§ entrance coordinate; fl_, outlet coordinate; p, density; X, thermal conduc- 
tivity; Cv, heat capacity; T1, T~., tempera tures  of ro l le r  surfaces; 2Q, material  discharge; V, speed of ro l le r  
surface rotation. 
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INFLUENCE OF GRAVITATIONAL CONVECTION ON THE 

PROGRESS OF A HETEROGENEOUS CATALYTIC REACTION 

UNDER ISOTHERMAL CONDITIONS 

K. V. Pribytkova and Eo A. Shtessel' UDC 536.25 

The cri t ical  conditions for origination of natural gravitational convection during the progress  
of a heterogeneous catalytic reaction are considered. The influence of developed convection 
on the reaction progress  under isothermal conditions is analyzed. 

As is known, the macroscopic velocity of a heterogeneous catalytic reaction depends on the relationship 
between the t rue reaction rate constant and the intensity of mass t ransfer  [1]. The intensity of mass t ransfer  
evidently increases  in the presence  of gravitational convection. This can result in the passage from one mode 
of reaction progress  to another. In other  words  [if the reaction were to proceed in the diffusion domain 
without natural convection and the rate of mass  t ransfe r  were limited:] then the reaction rate can set the 
limiting stage for sufficiently strong convection. 

This paper is devoted to a clarification of the role of natural gravitational convection in the progress  of 
a heterogeneous catalytic reaction. However, the solution of this question requires  knowledge of the condi-  
tions for origination of gravitational convection due to the progress  of a heterogeneous catalytic reaction. 

1. C r i t i c a l  C o n d i t i o n s  f o r  O r i g i n a t i o n  o f  C o n v e c t i o n  

Let us consider an infinite plane horizontal layer  filled with fluid or  gas and bounded by solid bound- 
a r i e s  The tempera tures  on the boundaries are identical and do not vary with time. A catalytic reaction of 
the type 

K 
v ia  1 ~ A~ (1) 

proceeds on the upper boundary of the layer, where A1 is the provisional notation for the in i t ia l  material,  A2 
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